The central-loop time-domain electromagnetic (TEM) method has been widely used in hydrogeological prospecting. Because this type of TEM configuration is relatively insensitive to lateral resistivity contrasts, the mathematical derivation of an apparent resistivity formula, valid for later recording times, is greatly simplified. However, no simple formula exists for an in-loop off-center TEM sounding. In this type of acquisition, the field response is recorded at several points surrounding the central location. In-loop TEM surveys are frequently employed to obtain high spatial resolution within engineering geophysical exploration. Although the apparent resistivity formula of a fixed-loop TEM system is also applicable for the non-central receiver points used in an in-loop TEM system, the apparent resistivity values need to be extracted using an iterative method that requires complicated integrations. Presently, no fast method exists that can give access to the apparent resistivity values in a direct manner. The main objective of this paper is to present a possible solution to this computational problem. A new solution is presented that takes as a starting point a circular transmitter loop where an analytical solution exists for non-central receiver points. This analytical solution is further approximated through the combined use of least-mean square (LSQR) determined polynomial coefficients and an equivalent circular loop to represent the rectangular loop. The new apparent resistivity formula, valid for in-loop TEM, has been tested on field data. A successful case study from central China is presented where an increased sensitivity to locate water-filled zones has been obtained.
Introduction
The transient electromagnetic method (TEM) is one of the most frequently employed electromagnetic exploration techniques during recent years (Baumgartner, 1996; Danielsen et al., 2003; Xue et al., 2007 Xue et al., , 2011 . The central-loop TEM configuration ( Fig. 1(a) or 1(c)) is increasingly used for detecting water-filled coal mines in China. This survey outlay is sensitive to anomalous geological structures with low resistivity and is relatively easy to implement within a complex working environment (Kuznetzov, 1982; Taylor et al., 1992; Baumgartner, 1996; Danielsen et al., 2003) . Thus, the central-loop configuration is commonly used to probe water-rich geological bodies.
In practical applications of central-loop TEM, it is neither convenient nor efficient to continuously move the transmitting loop from one place to another, so as to observe central TEM signals. To overcome this problem and partially reduce the effect of local heterogeneities close to the receiver, the TEM values around the central position and within a fixed range inside the loop can alternatively be measured. This type of improved central-loop source design is called ''in-loop off-center,'' indicating that field data are measured at a grid of receiver locations within the transmitter loop area ( Fig. 1(b) or 1(d)). For this configuration, the apparent resistivity at every receiving point is usually calculated using the same formula as the one applied when only a single receiver placed at the central point is considered. Only in the case of the latter will this formula be exact. Thus, for non-central measurement points, an error is introduced when calculating the apparent resistivity.
The response of a large rectangular-loop transmitter can be computed by stacking the individual electromagnetic fields of many infinitesimal electric dipoles distributed along each loop side (e.g., numerical integration). In this way, an electromagnetic field expression in the frequency-domain was obtained by Poddar (1983) . Xue et al. (2012) proposed that the apparent resistivity of a modified central-loop TEM could be calculated at non-central points using the formula of a large fixed-loop system. However, the formula is complicated and not very convenient for real applications.
For a half-space, a practical solution based on a double integral of Bessel functions exists for circular central-loop TEM (Anderson, 1989) (Fig. 1(c) ), even at non-central points ( Fig. 1(d) ). This makes it possible to apply a simple formula for apparent resistivity calculations at non-central locations. In previous papers on TEM modeling (e.g., Lee and Lewis, 1974; Raiche and Spies, 1981; Singh and Mogi, 2005) , a circular transmitting loop was used to simulate the effect of polygonal loops applied in the field. The electromagnetic field expression for the circular transmitter loop based on Bessel functions was further simplified by employing a hyper-geometrical distribution function by Singh and Mogi (2005) . In this way, the electromagnetic response of the circular loop in the frequency domain was obtained for any point receiver. Transient electromagnetic field computations were derived for polygonal loops placed above a layered earth by Raiche (1987) .
Techniques for calculating the apparent conductivity for the case of a coincident or single-loop configuration are described in several studies (Spies and Raiche, 1980; Raiche and Spies, 1981) . The magnetic field response of a circular in-loop antenna placed above a conductive homogeneous half-space was given by Hohmann and Ward (1986) . This work was followed by a series of studies that focused on how to recover the resistivity or conductivity. However, there exists no simple resistivity calculation formula valid for non-central points of an in-loop off-center TEM system (Singh and Mogi, 2005; Yan et al., 2009; Xue et al., 2012) . Thus, there is a need to develop such a simple formula equivalent to the one already available for the central point, so that the apparent resistivities can be measured directly in the field.
In this work, the responses from a rectangularloop antenna ( Fig. 1(d) ) at non-central measurement points are calculated and compared with those of the circular-loop antenna (Fig. 1(c) ). From such a study, the polynomial coefficients needed to convert the circularloop response into that of a rectangular-loop response can be found by employing least-squares inversion. Then, an improved and fast calculation formula of apparent resistivity valid at non-central points can be derived by including an extra coefficient matrix Z, which is the matrix of polynomial coefficients, in the conventional formula. The feasibility of this approach to identify water-filled areas in coal mines is demonstrated, indicating a more accurate interpretation of complex geological structures.
Apparent Resistivity Expression Valid for Central Point of a Circular Loop
For a transmitter loop with radius a and harmonic current I 5 I 0 e 2jvt placed on the surface of a homogeneous conductive half-space, the received electromagnetic field strength in the center of the loop can be written as follows (Kaufman and Keller, 1987) :
where v and I 0 are, respectively, the angular frequency and amplitude of the harmonic current, H z (v) is the vertical magnetic field strength, and k 1 is the wave number. After inverse Fourier transformation, the magnetic field H z (t) in the time domain is obtained (step response):
Alternatively, we may introduce the vertical magnetic induction in the time domain, B z (t) (m 0 being the magnetic permeability in vacuum):
In their work, Kaufman and Keller (1987) also showed that the late-stage apparent resistivity can be calculated from the following expression (central point):
where I 0 is the transmitting current, a is the loop radius, and the time derivative of the electromagnetic induction response can be written explicitly as: 
In Eq. (5), w u ð Þ is the error function and u is a dimensionless parameter defined as:
If the secondary voltage V(t) is used to express the apparent resistivity r a L (t), Eq. (4) will be modified as follows (Kaufman and Keller, 1987) :
where M 5 I 0 a 2 represents the transmitted magnetic moment and q is the effective area of the receiving coils.
TEM Formula for Non-central Point of a Circular Loop
For the case of a circular loop antenna and a noncentral receiver both placed on the surface of a homogeneous earth, Eq. (1) can be generalized as (Kaufman and Keller, 1987) :
where r is the distance from the center point to the field point, J 0 and J 1 are Bessel functions of zero and first order, respectively, and u~ffi ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi l 2 {k 1 2 q , where k 1 is the vertical spatial wave number. The integration variable l in Eq. (8) represents the temporal wave number. From symmetry considerations and analogy with Eq. (2), the time-domain version of Eq. (8) can be written as:
Because of the product of the two Bessel functions, the integration in Eq. (8) is very complicated, and can neither be transformed into a polynomial as in Eq.
(1), nor be subjected to Fourier transformation. A numerical scheme to solve Eq. (9) is derived in Appendix A (valid for a layered earth model).
To understand how the shape of the electromagnetic response measured at the central point differs from that of a non-central point, a simple numerical study was carried out. The following parameters were employed in the calculations: a loop radius a 5 100 m, transmitter current 10 A, sender frequency of 30 Hz, number of receiving channels equal to 20 and a time range between 0.087 ms and 7.015 ms (refer to Fig. 2 ). The homogeneous geo-electrical model employed was assigned a resistivity r 5 100 V-m. The electromagnetic response at the central point was calculated from Eq. (1), and for the case of a non-central point the numerical integration scheme proposed in Appendix A was employed. Five different non-central field points were considered, defined by the following distances from the center point: r 5 20 m, 40 m, 60 m and 80 m.
From the results shown in Fig. 2 , it can be seen that the electromagnetic responses at the central point and at the different non-central points exhibit similar characteristics at later arrival times. This main observation led to the idea that the electromagnetic response at a non-central point can be written in the same form as Eq. (1), but with more generalized polynomial coefficients (offset and current assumed fixed):
where Z 0 (r), Z 1 (r), Z 2 (r) and Z 3 (r) are coefficients that vary with offset r and need to be determined. Note that these coefficients are assumed independent of the set of geo-electric parameters (supported by the simulations shown in Fig. 4 ; see also Appendix B). Once the coefficient functions are established, the functional relationship between the apparent resistivity and the electromagnetic response can be expressed for a given offset distance. By using the least-squares method (see appendix B for details), optimal coefficient functions Z 0 (r), Z 1 (r), Z 2 (r) and Z 3 (r) were determined. The values of each coefficient are plotted in Fig. 3 as a function of the normalized offset r/a. (10) and also from the use of Eq. (3), we obtain:
By analogy with the mapping from Eq. (1) to Eq. (4), the expression for the apparent resistivity, valid for late observation times, can be expressed as follows:
Equation (12) represents a main result, and the reader is referred to Xue et al. (2012) for a detailed derivation. This expression can be used to determine an apparent resistivity for a layered earth model or the actual resistivity for the half-space model. In the case of the latter, the calculation of the apparent resistivity is rather simple. To validate Eq. 12, three different models were chosen and their corresponding responses calculated. The resistivity r of the first model is 10 V-m, the transmitter loop radius a is chosen to be 50 m, and the field point is central (e.g., r 5 0 m). The apparent resistivity is calculated using both Eq. (7) and Eq. (12) (Fig. 4(a) ). It can be easily seen that the calculations employing the exact and new approximate expression perform equally well for a central point. The second model also represents a homogeneous half-space, but this time it is defined by the parameters r 5 1,000 V-m and a 5 200 m. Different from the first model case, the field point is now chosen to be non-central (r 5 40 m). and the proposed approximate and faster expression given by Eq. (12). As seen in Fig. 4(b) , the error does not exceed 1%, and the fit between the two responses is very good. The third and last test model is represented by the two-layer earth model sketched in Fig. 4(c) . The field point is also chosen to be off center (r 5 30 m). The match between the same two solutions as used in the previous example is again satisfactory, and indicates that the new modified equation can be employed at least for a normalized distance of r/a 5 0.3. In the simulations shown in Fig. 4 and also throughout the paper, the comparisons are carried out across a large range of observation times, not only those representing late-time arrivals. This is done to show the overall characteristics. In practical use, only the latetime parts are used for the actual analysis (as also supported by the result in Fig. 4(c) ).
Comparison Between the Rectangular Loop and its Equivalent Circular Loop Representation
Although results from use of a circular loop help to understand the underlying physics, this type of configuration is rarely used in actual field data collection. It is therefore necessary to study the rectangular loop response and its equivalent circular loop representation (refer to Fig. 5(a 
)). Figures 5(b)-(c)
show the LB z =Lt response from a rectangular loop antenna (length L 5 70.8 m) and its equivalent circular loop antenna (radius R 5 80 m), respectively. In this example, the subsurface resistivity was set to r 5 200 V-m and the observation time corresponded to a time delay of 0.87 ms. The response from the rectangular loop antenna was calculated by integrating the field caused by incremental electric dipoles placed along the loop sides (Xue et al., 2012) . Figure 5(d) gives the error between the rectangular loop response and that of its equivalent circular loop representation. In an area surrounding the center of the loop, the error is rather small. This observation indicates that the approximate expression derived for the circular loop antenna also can be applied to the case of a rectangular loop (if employing its circular loop equivalence where each side is given by L~ffi ffiffiffiffiffiffi pa 2 p ). Other feasible resistivities were also tested to ensure robustness of this equivalent-loop representation, but in all cases the error maps were found to be very close to the one shown in Fig. 5(d) .
The response from a layered earth model was generated using an exact solution to further test the reliability of the square loop calculation using the circular-loop equivalence and the new approximate formula. In the simulations, we assumed that the length of each side of the rectangular loop was 200 m, a transmitting base frequency of 25 Hz, a non-central observation point (r 5 20 m), and a two-layered earth with parameters r 1 5 50 V-m, r 2 5 500 V-m, and h 1 5150 m. The rectangular-loop source was energized with a constant-amplitude current that was periodically switched on and off. The final results obtained are shown in Fig. 6 , where the dashed line represents the apparent resistivity obtained from the approximate formula in Eq. (12) (after We proceed to test the two same formulas for a new two-layer earth model with parameters r 1 5 150 V-m, r 2 5 80 V-m, and h 1 5100 m. The same rectangular loop antenna used in the previous example is used as a source and energized with a constant-amplitude current that is periodically switched on and off. The current waveform is square type and bipolar with off-times varying between 0.087 and 10 ms. For this example, a large range of noncentral field points were calculated. It is expected that the theoretical model in Eq. (4) will not work as well because it assumes a central point (or points in the vicinity). horizontally layered earth model. In Fig. 7 , observation times were converted to pseudo-depth using the expression (Spies, 1989; Yan et al., 2009) :
Field Data Examples from Mined-out Areas Filled with Water
The new calculation approach of apparent resistivity presented here was applied to data acquired above two coal mines in the Shanxi province of China. The survey area is located in the northern part of the Shanxi province, which forms the eastern section of the loess plateau of northern China. All of the existing explored coal mines are located in the mountain region. Most of the mined-out spaces in the coal mines are filled with water, often resulting in flooded mine disasters. The coal seams in the region are Carboniferous and Permian age, with thicknesses ranging from 71 to 112 m. The terrain map and survey location are shown in Fig. 8 , with the surface survey grid superimposed. The transmitting loop was moved from northwest to southeast and data were acquired at multiple stations inside the transmitting loop for a given location. The survey was carried out along 32 parallel lines, occupying a total of 1,129 receiver stations. The interval between each measurement station was 20 m, while the distance between each line was 40 m. The survey system included a 300 m 3 300 m transmitting square loop, a 2,000 m 2 receiving area, transmitting frequency of 25 Hz, 40 time gates ranging from 0.087 to 8 ms, offset distances between 0 m and 60 m, and Terra TEM instruments for data collection. Pseudo-depth conversion was carried out employing Eq. (13).
To improve the understanding of the layered geoelectrical structure at the site, two decay curves from this survey were selected for a 1-D inversion routine. These two curves were collected at receiver positions 120 m and 240 m along Line 210 (refer to Fig. 8) , where the drilling Figure 6 . Comparison between the apparent resistivity curves computed from the new approximate formula (Eq. (12)) and theoretical model (layered earth) (Eq. (4)). record indicated, respectively, a water-filled zone at a depth of 550 m and a dry zone. According to known drilling results in this area, the initial geo-electric structure could either be approximated by a 5-layered earth model or a 6-layered earth model, the latter including a possible water-rich layer. The parameters of each layer were selected as shown in Table 2 . The stratums consist of a middle Ordovician system, upper and middle Carboniferous systems, upper and lower Permian systems, upper Triassic system, Jurassic system, Tertiary system and a Quaternary system. Sandstone is the main constituent of the water-rich layer, and argillaceous rock is the main constituent of the water-resistant layer.
The least-mean fourth algorithm (LMF), which is a special case of the least-mean square (LMS) technique (Hosseini et al., 2008) and suitable for inversion of TEM data, which is monotonic, was used for the 1-D inversion. Figures 9(a) - (b) show the results from the inversion for the two field points, 120 m and 240 m, respectively. For both cases, two subplots are provided: (i) The original measured decay curve and its synthetic counterpart from the inversion (left), and (ii) the inverted resistivity of the subsurface and initial model (right). A direct comparison between field points 120 ( Fig. 9(a) ) and 240 ( Fig. 9(b) ) shows that an additional low-resistivity layer (of about 100 V-m) is present for point 120 after the completed inversion. This is a strong indication of the presence of water-filled voids at the depth of about 550 m, which is also supported by the higher decay rate for this point. For point 240, the results indicate a coal mined area with no water-filled voids.
The vertical cross section of apparent resistivity obtained for Line 210, using the measured data from the survey, is shown in Fig. 10(a) . The apparent resistivity is calculated based on the standard formula given in Eq. (7). Correspondingly, Fig. 10(b) shows the modified apparent resistivity computed from the new expression given by Eq. (12). Comparison of the two results demonstrates the ability of the new proposed expression to give results that are more consistent with the known local geology. The corresponding geological interpretation, which is based on both the TEM results ( Fig. 10(b) ) as well as knowledge obtained from earlier drilling in the nearby area, is shown in Fig. 10(c) . It indicates the existence of water-rich areas around the geological faults or their intersection position, particularly in the western part of the survey area. We therefore suggest that the water-rich area is related to hydraulic conductivity along the geological fault zone. To validate the geological survey results obtained from using the TEM method as proposed in this study, a borehole was drilled at (field) Point 60 (m) on Line 210. The drilling results confirm a water-filled mined-out area located at a depth of 550 m beneath the ground surface. Table 2 . Key parameters of initial earth models. Figure 10(d) shows a horizontal contour plot of the apparent resistivity at a depth of about 550 m using the standard approach given by Eq. (7). The same type of plot is shown in Fig. 10(e) , but this time using the new approach advocated here and given by Eq. (12). Direct comparison between the two depth slices demonstrates the more detailed information content represented by the latter. According to the changes in the apparent resistivity in Fig. 10(e) , a large area with low resistivity (water-rich area) is seen in the western part of the survey area between Lines 204 and 232. A similar zone also extends along Line 212 towards the south-central region. On the other hand, three highresistivity areas exist in the eastern part of the survey area, indicating the presence of three coal-buried areas.
The corresponding final geological interpretation is shown in Fig. 10(f) .
Conclusions
Excessive coal mining has resulted in numerous water-filled mined-out areas in China. We propose a fast approach to determine the positions and distributions of these mined-out areas by using an in-loop TEM configuration. To ensure the needed efficiency, a simple relationship between the secondary magnetic field (or its derivative) and the apparent resistivity for a non-central point is established. This new solution takes as a starting point a circular transmitter loop where an analytical solution exists for non-central receiver points. This analytical solution is further approximated through the combined use of least-mean square determined polynomial coefficients and an equivalent circular loop to represent the rectangular loop. It was first demonstrated that this new method gives accurate results for noncentral receiver points covering an area of about one third of the total loop area, as measured from the central point. The proposed approach was then applied to field data acquired in the Shanxi Province of China. The results obtained were compared with drilling data, demonstrating that the proposed method for calculating the apparent resistivity can be used to rapidly delineate water-filled areas in coal mines. Figure 10 . a) Vertical section of apparent resistivity calculated from the standard approach. b) Vertical section of the apparent resistivity computed from the new approach. c) Geological interpretation based on the isolines of apparent resistivity from line 210. P 1 S and P 1 X represent the Shanxi and Xiahezi Group of the Permian Period, respectively; Q is the Quaternary Period; C is the Carboniferous Period; and O 2 is the Majiagou Group of the Ordovician Period. The black blocks are two coal seams, cracked by a fault (F). d) Horizontal contour map of apparent resistivity at target depth using the standard approach described by Eq. (7). e) Horizontal contour map of apparent resistivity at target depth from the new approach given by Eq. (12). f) Geological interpretation based on (e). 
